Abstract. Sheng and Zuo's characteristic forms are invariants of a variation of Hodge structure. We show that they characterize Gross's canonical variations of Hodge structure of Calabi-Yau type over (Hermitian symmetric) tube domains.
1. Introduction 1.1. The problem. To every tube domain Ω = G/K Gross [9] has associated a canonical (real) variation of Hodge structure (VHS) ( 
1.1)
V Ω Ω of Calabi-Yau (CY) type. The construction of (1.1) is representation theoretic, not geometric, in nature; in particular, the variation is not, a priori, induced by a family Characteristic forms are defined in §2. The statement of Theorem 3.10 is a bit stronger than the above: in fact, it suffices to check that the characteristic forms of f are isomorphic to those of τ at a single point x ∈ M, so long as the integer-valued differential invariants ( §2.3) associated with f are constant in a neighborhood of x. The proof of Theorem 5.14 is established by a minor modification of the arguments employed in [13] (which are similar to those of [10] ), and is in the spirit of Cartan's approach to equivalence problems via the method of moving frames. do not make use of the hypotheses that the bounded symmetric domain Ω is of tube type or that the VHS is real. As indicated by the proofs of Theorems 3.10 and 5.14, the point at which some care must be taken is when considering the case thatΩ is either a projective space or a quadric hypersurface. IfΩ is not of tube type, then it can not be a quadric hypersurface. IfΩ is a projective space, thenΩ =Ď Ω , and the theorems are trivial.
1.2. Notation. Throughout V will denote a real vector space, and V C the complexification. All Hodge structures are assumed to be effective; that is, the Hodge numbers h p,q vanish if either p or q is negative. ThroughoutĎ will denote the compact dual of a period domain D parameterizing effective, polarized Hodge structures of weight n on V . Here D and V are arbitrary; we will reserve D Ω and U for the period domain and vector space specific to Gross's canonical variation of Hodge structure. We will let Q denote the polarization on both V and U, as which is meant will be clear from context.
Characteristic forms
denote the pull-back of the Hodge bundles to M. We say that f is horizontal if it satisfies the infinitesimal period relation (IPR)
Example 2.3. The lifted period mapΦ :S → D arising from a family X → S of polarized, algebraic manifolds is a horizontal, holomorphic map [7, 8] .
2.2. Definition. Given a horizontal map f : M →Ď, the IPR (2.2) yields a vector bundle map
f,x /F n f,x ) defined as follows. Fix a locally defined holomorphic vector field X on M extending ξ = X x . Given any v 0 ∈ F n f,x , let v be a local section of F n f defined in a neighborhood of x and with v(x) = v 0 . Then
. . , X k be locally defined holomorphic vector fields extending the ξ j = X j,x . Given v 0 and v as above, define
It is straightforward to confirm that γ k f is well-defined. This bundle map is the k-th 
is an example of an "integer-valued differential invariant of f : M →Ď at x." Let
and set c f,
as an element of the Grassmannian Gr(c f,x , Sym T * x M). Note that Aut(T x M) acts on this Grassmannian. By integer-valued differential invariant of f : M →Ď at x we mean the value at C f,x of any Aut(T x M)-invariant integer-valued function on Gr(c f,x , Sym T * x M). A necessary condition for two characteristic forms C f,x and C f ′ ,x ′ to be isomorphic is that the integer-valued differential invariants at x and x ′ , respectively, agree. 
The condition that h n,0 = rank C F n = 1 implies that there is an map
3.2. Definition. We briefly recall Gross's canonical CY-VHS over a tube domain Ω = G/K [9] . Up to G-module isomorphism, there is a unique real representation
with the following properties:
(i) The complexification U C is an irreducible G-module.
(ii) The maximal compact subgroup K ⊂ G is the stabilizer of a highest weight line ℓ ⊂ U C . In particular, if P ⊂ G C is the stabilizer of ℓ, then K = G ∩ P , and the
(iii) The dimension of U is minimal amongst all G-modules with the two properties above.
The maximal compact subgroup K is the centralizer of a circle ϕ :
This is a Hodge decomposition, and there exists a G-invariant polarization Q of the Hodge structure; in particular, the representation (3.2) takes values in Aut(U, Q):
Each subset U p,q is K-invariant, and so defines a G-homogeneous bundle U p,q over Ω. The resulting decomposition
of the trivial bundle over Ω is Gross's canonical VHS over Ω [9] .
Example 3.7. In the case that Ω is irreducible, Gross's canonical CY-VHS is one of the following six:
the Hermitian form H restricts to a definite form on both A and B. The Hodge decomposition is given by
and Ω is the period domain parameterizing Q-polarized Hodge structures on U = R 2+k with h = (1, k, 1), so thatΩ is the quadric hypersurface
and Ω is the period domain parameterizing Q-polarized Hodge structures on C 2g with h = (g, g), so thatΩ is the Lagrangian grassmannian of Q-isotropic g-planes in C 2g . Given one such Hodge decomposition C 2n = A ⊕ B, the corresponding Hodge structure on U is given by
, U C is a Spinor representation, and the summands of the Hodge
(e) If G is the exceptional simple real Lie group of rank 7 with maximal compact
Lemma 3.8 (Gross [9] ). Gross's canonical VHS (3.6) is of Calabi-Yau type ( §3.1).
The lemma follows from the well-understood representation theory associated with (3.3) and (3.5). We briefly review the argument below as a means of recalling those representation theoretic properties that will later be useful. (See [9] for details.)
denote the Hodge structure given by (3.4). The map 
The theorem is proved in §4.4.
Remark 3.11. To see how Main Theorem 1 follows from Theorem 3.10 we make precise the hypothesis that "the characteristic forms of f and τ are isomorphic": by this, we mean that there exists a local biholomorphism i : M →Ω so that the characteristic forms of f at x ∈ M are isomorphic to those of τ at i(x) for all x ∈ M (cf. §2.3).
(Equivalently, sinceΩ is homogeneous, the characteristic forms of f at x ∈ M are isomorphic to those of τ at o for all x ∈ M.) Given this definition, it is clear that the hypotheses of Main Theorem 1 imply those of Theorem 3.10.
Proof of Lemma 3.8. Let
denote the Hodge numbers, and let D Ω denote the period domain parameterizing Q-polarized Hodge structures on U with Hodge numbers h Ω . The weight n of the Hodge structure is the rank of Ω, and the highest weight line stabilized by K is
In particular,
We will identify
The weight zero Hodge decomposition (3.14)
induced by ϕ has the property that p = g
ϕ are the Lie algebras of P and K C , respectively. Consequently, the holomorphic tangent space is given by
as a subspace of End(U C , Q) we have
In particular, given ξ ∈ g
The maps
are surjective. Moreover, given fixed nonzero u 0 ∈ U n,0 , the map g
sending ξ → ξ(u 0 ) is an isomorphism. It follows from the homogeneity of the bundles
, and the G C -equivariance of τ , that τ is horizontal and of Calabi-Yau type.
3.3. Characteristic forms. In this section we describe the characteristic forms γ
k Ω of (3.9). The discussion will make use of results reviewed in the proof of Lemma 3.8.
Since τ is G C -equivariant and the bundles F p Ω →Ď Ω are Aut(U C , Q)-homogeneous, we see that the push-forward g * : T oΩ → T g·oΩ is an isomorphism identifying C k τ,g·o with C k τ,o for all k and g ∈ G C ; that is, the characteristic forms of τ at g · o are isomorphic to those at o. So it suffices to describe the characteristic forms at the
p,n−p , the identification (3.15), and (3.17)
) may be identified with the map
Proof of Theorem 3.10 (Main Theorem 1)
4.1. The osculating filtration. Let X ֒→ PV C be any complex submanifold. The
is defined as follows. First, T 0 x ⊂ V C is the line parameterized by x ∈ PV C . Let X ⊂ V C \{0} be the cone over X. Let ∆ = {z ∈ C : |z| < 1} denote the unit disc, and let O(∆, 0; X, x) denote the set of holomorphic maps α : ∆ → X with α(0) ∈ T 0 x . Given one such curve, let α (k) denote the k-th derivative d k α/dz k . Inductively, 
Just as the IPR (2.2) lead to the characteristic forms (2.4), the relation (4.1) yields bundle maps
This is the k-th fundamental form of X ֒→ PV C . The image
Again, in mild abuse of terminology, we will call F k X the k-th fundamental forms of X ⊂ PV C .
Given two complex submanifolds X, X ′ ֒→ PV C , we say that the fundamental forms of X at x are isomorphic to those of X ′ at x ′ if there exists a linear isomorphism
Regard F X,x as an element of the Grassmannian Gr(d X,x , Sym T * x X). Note that Aut(T x X) acts on this Grassmannian. By integer-valued differential invariant of X ֒→ PV C at x we mean the value at F X,x of any Aut(T x X)-invariant integer-valued function on Gr(d X,x , Sym T * x X). A necessary condition for two fundamental forms F X,x and F X ′ ,x ′ to be isomorphic is that the integer-valued differential invariants at x and x ′ , respectively, agree. Proof. This follows directly from the definitions of horizontality ( §1.2) and CalabiYau type ( §3.1), and the osculating filtration ( §4.1). Proof of Theorem 3.10. First observe that we may reduce to the case thatΩ is irreducible: for ifΩ factors asΩ 1 ×Ω 2 , then we have corresponding factorizationš 
Main Theorem 2
In this section we give a precise statement (Theorem 5.14) and proof of Main Theorem 2. The theorem assumes a stronger form of isomorphism between the characteristic forms of τ and f than Main Theorem 1; specifically the identification F Ω ≃ F f will respect the polarization Q in a way that is made precise by working on a natural frame bundle E Q →Ď Ω .
5.1. The frame bundle E Q →Ď Ω . Let d + 1 = dim U C , and let
be the dimensions of the flags (F p ) parameterized byĎ Ω . Let E Q be the set of all bases e = {e 0 , . . . , e d } of U C so that Q(e j , e k ) = δ d j+k . Note that we have bundle map
Maurer-Cartan form. The frame bundle E Q is naturally identified with the
Lie group Aut(U C , Q),
and the bundle maps are equivariant with respect to the natural (left) action of Aut(U C , Q). Consequently, the (left-invariant) Maurer-Cartan form on Aut(U C , Q)
. Letting e j denote the natural map E Q → U C , the coframing is determined by
(The 'Einstein summation convention' is in effect throughout: if an index appears as both a subscript and a superscript, then it is summed over. For example, the righthand side of (5.2) should be read as k θ k j e k .) The form θ can be used to characterize horizontal maps as follows: let f : M →Ď Ω be any holomorphic map and define
In a mild abuse of notation, we let θ denote both the Maurer-Cartan form on E Q , and its pull-back to E f . Then it follows from the definition (2.2) that (5.3) the map f is horizontal if and only if θ
Precise statement of Main Theorem 2. The precise statement (Theorem

5.14) of Main Theorem 2 is in terms of a decomposition of the Lie algebra End(U C , Q).
Recall the Hodge decomposition (3.4), and define
and this direct sum is a graded decomposition in the sense that the Lie bracket LetP ⊂ Aut(U C , Q) be the stabilizer of ϕ = τ (o) ∈Ď. Notice that the fibrě π −1 (ϕ) ⊂ E Q is isomorphic toP , andπ : E Q →Ď Ω is a principleP -bundle. The Lie algebra ofP is
Consequently, if θ = θ ≥0 + θ − is the decomposition of θ into the components taking value in E ≥0 and E − := ⊕ ℓ>0 E −ℓ , respectively, then
We may further refine the decomposition (5.4) by taking the representation (3.5)
into account. The latter allows us to view End(U C , Q) as a G C -module via the adjoint action of Aut(U C , Q) on the endomorphism algebra. Likewise, we may regard g C as a subalgebra of End(U C , Q) via the induced representation g ֒→ End(U, Q). Since
is a G C -submodule and G C is reductive, there exists a G C -module decomposition
where the Lie bracket is taken in End(U C , Q).
Recall the Hodge decomposition (3.14) and note that g ℓ = g ℓ,−ℓ ϕ ; in particular, g ℓ = {0} if |ℓ| > 1, so that The theorem is proved in §5.5.
5.4.
Relationship to characteristic forms. The purpose of this section is to describe the characteristic forms C k f when η| E f = 0. The precise statement is given by Proposition 5.18. It will be convenient to fix the following index ranges
As we will see below, the indices 1 ≤ µ 1 , ν 1 ≤ d n−1 are distinguished, and we will use the notation
for this range. We claim that the equations a=1 is precisely the component of θ taking value in
and (ii) the fact that τ is Calabi-Yau implies that the projection
is an isomorphism. Therefore,
There are three important consequences of (5.16). First, we have
which forces
Second, the fact that γ f,x is an isomorphism implies that ω| E f is nondegenerate. Third, from g − = g −1 we conclude that
It follows from (5.16) that the remaining components of ω = θ g − may be expressed as
It will be convenient to extend the definition of r 
vanishes on E f if and only if thẽ
, where ζ i ∈ T e E ′ f with e = {e 0 , . . . , e d } ∈π 
There are two important consequences of this expression:
(a) It follows from (3.19) that (5.20) holds for f = τ .
(b) Equation (5.16) tells us that g −1 is the graph over
The functions r µ k ν k−1 a (e) of (5.17) are the coefficients of this linear map with respect to the bases of
mined by e ∈ E Q . Assuming that (5.20) holds, this implies that the k-th characteristic form of f is isomorphic to that of τ in the following sense: given e o ∈ E τ in the fibre over o and e x ∈ E f in the fibre over x, there exists a unique g ∈ Aut(U C , Q) ≃ E Q so that e x = g · e o . The group element g defines an explicit isomorphism between
) that identifies the k-th characteristic forms γ Consequently, the first characteristic form γ f,x :
where ζ ∈ T e E f with e = {e 0 , . . . , e d } ∈π
This establishes Proposition 5.18 for the trivial case that ℓ = 1.
5.4.2.
The second characteristic form. From (5.3) we see that
The derivative of this expression is given by the
Maurer-Cartan equation
Differentiating (5.25) and applying (5.3) yields 0 = dθ
on E f . Cartan's Lemma [11] asserts that there exist holomorphic functions
ab are the coefficients of the second characteristic form; specifically,
, where ζ i ∈ T e E ′ f with e = {e 0 , . . . , e d } ∈π
3 Given two Lie algebra valued 1-forms φ and ψ, the Lie algebra valued 2-form [φ, ψ] is defined by ab on E τ .
Returning to the bundle E f , notice that (η These functions are the coefficients of the third characteristic form of f in the sense
To prove Proposition 5.18 for ℓ = 3, note that §5.4.2 yields q
ab . Then we can solve (5.31) for θ 
are the coefficients of the (ℓ+1)-st characteristic form of f in the sense that
, where ζ i ∈ T e E ′ f with e = {e 0 , . . . , e d } ∈π Example 5.35 (Subbundle G ⊂ E τ ). The bundle E τ →Ω admits a subbundle G that is isomorphic to the image of G C in Aut(U C , Q), and on which the entire component 
The map (5.45) fails to be injective if and only if
is nontrivial. The Jacobi identity implies that Γ ℓ+1 is a g 0 -module. Inductively define
The Jacobi identity again implies that Γ = ⊕ m≥ℓ+1 Γ m is a g C -module.
Let E ∈ End(U C , Q) be the endomorphism acting on E m by the scalar m. That is, Zλ = dλ(Z) = ad ζ . Given e ∈ E ℓ f,x , set λ t := λ e(t) with e(t) := R exp(tζ) e. Then (5.45) implies we may solve λ t = 0 for t if and only if λ e takes value in the image of δ 0 .
It follows from Claims 5.42 and 5.43 that the bundle E Since g − = g −1 , the dual g * − has graded degree 1. Consequently, g ⊥ ℓ ⊗ g * − has graded degree ℓ + 1. The Lie algebra cohomology differentials δ 1 and δ 0 preserve this bigrading, and so induce a graded decomposition of the cohomology
where the component of graded degree ℓ + 1 is To complete the proof of Theorem 5.14 we make the following observations: First, as in the proof of Theorem 3.10 we may reduce to the case thatΩ is irreducible. Also as in that proof, the case thatΩ is either a projective space (necessarily P 1 ) or a quadric hypersurface is trivial.
In the remaining cases H 1 m = 0 for all m ≥ 1; this is a consequence of Kostant's theorem [12] on Lie algebra cohomology; see [10, Proposition 7] or [13, §7.3] . The theorem now follows from Claim 5.34 and (5.46).
